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Abstract
We prove oscillation and nonoscillation theorems for the second order linear differential equation
(E) y′′ + q(t)y = 0, where q(t) 0 and locally integrable on [t∗,∞). These results are extensions
of earlier results of Huang [J. Math. Anal. Appl. 210 (1997) 712–723]. Furthermore, we show that
the oscillation criterion established for Eq. (E) can be extended to the delayed differential equation
y′′ + q(t)y(σ (t)) = 0, where σ(t) t and limt→∞ σ(t) = ∞.
 2003 Published by Elsevier Inc.
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1. In [6], Huang proved oscillation and nonoscillation criteria for the second order linear
ordinary differential equation
y ′′ + q(t)y = 0, t  t∗ > 0, (1)
where q(t) is nonnegative and locally integrable on [t∗,∞). Huang proved the following
two theorems.
Theorem A. If there exists t0  t∗ such that for every positive integer n,
2n+1t0∫
2nt0
q(t) dt  α0
2n+1t0
, (2)
where α0 = 3 − 2
√
2, then Eq. (1) is nonoscillatory.
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J.S.W. Wong / J. Math. Anal. Appl. 291 (2004) 180–188 181Theorem B. If there exists t0  t∗ such that for every positive integer n,
2n+1t0∫
2nt0
q(t) dt  α
2nt0
, (3)
where α > α0 = 3 − 2
√
2, then Eq. (1) is oscillatory.
The purpose of this note is to prove extensions of Theorems A and B and simplify the
proofs as given in [6]. Our main results are:
Theorem 1. Let λ > 1. If for some t0 and every positive integer n,
λn+1t0∫
λnt0
q(t) dt  α
(λ − 1)λn+1t0 , (4)
where α  k0(λ) = (
√
λ − 1)2. Then Eq. (1) is nonoscillatory.
Theorem 2. Let λ > 1. If for some t0 and every positive integer n,
λn+1t0∫
λnt0
q(t) dt  α
(λ − 1)λnt0 , (5)
where α > k0(λ) = (
√
λ − 1)2. Then Eq. (1) is oscillatory.
Clearly Theorems A and B are special cases of Theorems 1 and 2 with λ = 2. In partic-
ular k0(2) = α0 = 3 − 2
√
2.
These two theorems may be compared with the well-known result of Hille [5], namely
for all sufficiently large t ,
(I) lim supt→∞{t
∫∞
t
q(s) ds} 1/4 ⇒ Nonoscillation of (1),
(II) lim inft→∞{t
∫∞
t
q(s) ds} > 1/4 ⇒ Oscillation of (1).
For any t  t0, there exists a unique m so that λmt0  t  λm+1t0. We can use condi-
tion (4) to obtain
∞∫
t
q(s) ds 
∞∫
λmt0
q(s) ds =
∞∑
k=m
λk+1t0∫
λkt0
q(s) ds
 k0(λ)
(λ − 1)λm+1t0
∞∑
j=0
1
λj
= k0(λ)λ
(λ − 1)2λm+1t0 
k0(λ)λ
(λ − 1)2t .
Denote k1(λ) = k0(λ)λ/(λ − 1)2 for short. It is easy to see that k1(λ) > 1/4 for all λ > 1.
In particular, k1(2) = 2(3 − 2
√
2 ) = 0.3432 > 1/4. Hence condition (4) does not imply
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t q(s) ds  1/(4t) and (I) is inapplicable in this case. In fact, this is so for all λ > 1.
A similar comment applies to condition (5) vis-vis (II). Thus Theorems A and B are new
oscillation and nonoscillation criteria for Eq. (1).
Recently, Yang [14] purported to prove that Huang’s Theorems A and B are in fact
consequences of Hille’s theorems (I) and (II). (Indeed, it was claimed in [14] that Theo-
rems A and B followed from (I) and (II).) However, his proof assumed that conditions (4)
and (5) hold for all t0, i.e., t0 can be arbitrary, whereas Huang’s theorems hypothesized that
need to exist only one such t0. His argument that (8′′) and (9′′) on [14, p. 580] imply (I)
and (II), respectively, is incorrect. Note that (8′′) and (9′′) in [14] are valid only for a par-
ticular sequence, namely {t0/εn0}, but inequalities in (I) and (II) are required to hold for
any sequence attaining lim sup or lim inf as the case may be.
The proofs of Theorems 1 and 2 involve the construction of a sequence of positive reals
{pn} defined by the function f (x) as follows:
f (x) = 1
λ
(
x
1 − x + α
)
, 0 < α < λ, (6)
where x ∈ [0,1) and pn = f n(0) with p1 = α/λ < 1. Clearly f ′(x) > 0 for 0  x < 1.
Also, for x ∈ [0,1 − 1/√λ ] we have f (x) ∈ [0,1 − 1/√λ ]. Note that
p2 = α
λ
1 + λ − α
λ − α >
α
λ
= p1
so the sequence {pn} is increasing in n. Denote p = limn→∞ pn which may be infinite and
p is finite if the quadratic equation f (p) = p, namely
λp2 + (1 − λ − α)p + α = 0 (7)
has real roots. This is the case when the discriminant of (7) is nonnegative, i.e.,
D = (1 − λ − α)2 − 4αλ = (λ + α − 1 − 2√αλ )(α − 1 + 2√αλ ) 0.
This amounts to requiring λ + α − 1  2√αλ or √λ − √α  1 which is equivalent to
α  k0(λ). In other words, when α > k0(λ), the sequence {pn} does not converge to a
finite limit.
To prepare for the proofs of Theorems 1 and 2, we need the following disfocality lemma
due to Wintner [10].
Lemma. If the nontrivial solution y(t) of (1) satisfies y(a) = 0 and y ′(b) = 0 (or y ′(a) = 0
and y(b) = 0), where t∗  a < b, then
(b − a)
b∫
a
q(t) dt > 1. (8)
2. In this section, we give proofs of Theorems 1 and 2.
Proof of Theorem 1. We shall show that the solution y(t) satisfying y(t0) and y ′(t0) has
the property that y ′(t) > 0 for all t  t0, hence it is nonoscillatory. It then follows from the
Sturm’s separation theorem (see, e.g., [4]) that Eq. (1) is nonoscillatory.
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by induction that y(t) > 0 and y ′(t) > 0 on [tn, tn+1]. To begin with the induction proof,
we first show that the hypothesis holds for n = 1. Since y(t0) = 0 and y ′(t0) > 0, so if
y ′(τ ) = 0 for t0 < τ  t1, then by (8) of Wintner’s lemma we have from (4),
1 < (τ − t0)
τ∫
t0
q(s) ds  (t1 − t0)
t1∫
t0
q(s) ds  α
λ
 k0(λ)
λ
< 1,
which is impossible. Thus y ′(t) > 0 on [t0, t1], hence y(t) > 0 on [t0, t1].
Now begin with y(tn) > 0 and y ′(tn) > 0. We first claim that y(t) > 0 on [tn, tn+1].
Suppose that y(ξ) = 0 for some ξ , tn < ξ  tn+1. By Rolle’s theorem, there exists η,
tn < η < ξ , such that y ′(η) = 0. Applying Wintner’s lemma once again we have, by (4),
1 < (ξ − η)
ξ∫
η
q(s) ds  (tn+1 − tn)
tn+1∫
tn
q(s) α
λ
 k0(λ)
λ
< 1,
which shows that y(t) > 0 on [tn, tn+1]. It remains to show that y ′(tn+1) > 0. Integrating
Eq. (1), we have
y ′(tn) − y ′(tn+1) =
tn+1∫
tn
q(s)
[
y(s) − y(tn)
]
ds + y(tn)
tn+1∫
tn
q(s) ds. (9)
Since y(t) > 0 on [t0, tn+1], so y ′(t) is nonincreasing on [t0, tn] by (1). Note that the first
integral in (9) can be estimated as follows:
tn+1∫
tn
q(s)
[
y(s)− y(tn)
]
ds  y ′(tn)(tn+1 − tn)
tn+1∫
tn
q(s) α
λ
y ′(tn). (10)
On the other hand, we note
y(tn) =
n∑
k=1
y(tk) − y(tk−1)
n∑
k=1
y ′(tk−1)(tk − tk−1). (11)
Combining (10) and (11) into (9) and using (4), we obtain
y ′(tn) − y ′(tn+1) α
λn+1
n+1∑
k=1
y ′(tk−1)λk−1. (12)
Define pn = f (pn−1) by (6) with p1 = α/λ. We claim
pny
′(tn)
α
λn+1
n+1∑
k=1
y ′(tk−1)λk−1 = α
λn+1
n∑
k=0
y ′(tk)λk. (13)
Using (13) in (12) above, we have
y ′(tn+1) y ′(tn) − α
λn+1
n∑
y ′(tk)λk = 1 − pn
pn
α
λn+1
n∑
y ′(tk)λk. (14)
k=0 k=0
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√
λ, so limn→∞ pn is finite and in view of (14) pn < 1. Also
(14) proves that y ′(tn+1) > 0. It remains to prove (13) by induction. Start with (14) and
upon rearranging and adding an extra term α y ′(tn+1)/λ, we find
pn+1y ′(tn+1) = 1
λ
(
pn
1 − pn + α
)
y ′(tn+1)
α
λn+2
n∑
k=0
y ′(tk)λk + α
λ
y ′(tn+1)
= α
λn+2
n+1∑
k=0
y ′(tk)λk,
which is (13) with n replaced by n+ 1. This completes the induction and also the proof of
Theorem 1. 
Proof of Theorem 2. Let y(t) be a nonoscillatory solution which can be assumed to be
positive on [t0,∞). By (1), y ′(t) is nonincreasing on [t0,∞), hence it must and can also
be assumed to be positive on [t0,∞). Indeed for tn = λnt0, we have
y ′(t0) y ′(t1) y ′(t2) · · · y ′(tn) y ′(tn+1) y ′(tn+2) > 0. (15)
Let k0(λ) < α < λ and define pn = f (pn−1) with p1 = α/λ. In this case, we note that the
sequence {pn} does not have a finite limit, i.e., limn→∞ pn = ∞, following the discussion
concerning f (x) as defined by (6). We now claim
0 < pny ′(tn)
α
λn+1
n∑
k=1
λky ′(tk) y ′(tn). (16)
Since p1 = α/λ the above holds for n = 1. Integrating (1) and note that y ′(t) > 0 for all
t > t0, we have
y ′(tn) − y ′(tn+1) =
tn+1∫
tn
q(t)y(t) dt  y(tn)
tn+1∫
tn
q(t) dt

{
y(t0) +
n∑
k=1
y(tk) − y(tk−1)
} tn+1∫
tn
q(t) dt

{
n∑
k=1
y ′(tk)(tk − tk−1)
} tn+1∫
tn
q(t) dt = α
λn+1
∑
λky ′(tk). (17)
Combining (16) and (17), we find
y ′(tn+1) y ′(tn) − α
λn+1
n∑
k=1
λky ′(tk) = 1 − pn
pn
(
α
λn+1
) n∑
k=1
λky ′(tk). (18)
Once again we can rearrange terms in (18) and add an additional term (α/λ)y ′(tn+1) to
obtain
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λ
(
pn
1 − pn + α
)
y ′(tn+1)
α
λn+2
n∑
k=1
λky ′(tk) + α
λ
y ′(tn+1), (19)
which proved by induction that (16) holds for all n. In addition since by (15) y ′(tn+2) > 0,
so the inequality (17) shows that the last inequality in (16) also holds when n is replaced by
n + 1. This shows by induction that pn  1 for all n, which contradicts the fact {pn} is un-
bounded. Thus Eq. (1) cannot have any nonoscillatory solution hence it is oscillatory. 
3. In this section, we show how the oscillation criteria (II) and Theorem 2 for Eq. (1)
may be extended to the delay differential equation
y ′′(t) + q(t)y(σ(t))= 0, t  t∗ > 0, (20)
where q(t)  0 and locally integrable on [t∗,∞) and σ(t) is a continuous function sat-
isfying σ(t)  t and limt→∞ σ(t) = ∞. Denote ρ(t) = σ(t)/t  1. The well-known
oscillation criterion of Hille [5] for Eq. (1) has been successfully extended to the delay
equation (20) by Yan [13] as follows.
Theorem 3. Suppose that for all sufficiently large t , q(t) satisfies
∞∫
t
q(s)ρ(s) ds  α
t
(21)
for some fixed constant α > 1/4, then all solutions of Eq. (20) are oscillatory.
We give an alternative and simpler proof below.
Proof. Let y(t) be an nonoscillatory solution of (20) which may without loss of generality
be assumed to be positive on [t0,∞). Since limt→∞ σ(t) = ∞, there exists t1  t0 such
that y(σ(t)) > 0 on [t1,∞). By Eq. (20), y ′′(t)  0 on [t1,∞), hence y ′(t)  0 also for
t  t1. Define v(t) = y ′(t)/y(t); then v(t) satisfies the Riccati equation
v′(t) + v2(t) + q(t)y(σ (t))
y(t)
= 0 (22)
on [t1,∞). Since q(t) 0 so y ′(t) is nonincreasing, so
y(t) y(t1) + y ′(t)(t − t1)
which gives
v(t) = y
′(t)
y(t)
 1
t − t1 . (23)
Integrating (23) from σ(t) to t for t  t1, we obtain
y(σ(t))  σ(t) − t1 .
y(t) t − t1
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t  t2  t1,
y(σ (t))
y(t)
 ησ(t)
t
= ηρ(t). (24)
Substituting (24) into the Riccati equation (22), we find
v′(t) + v2(t) + ηρ(t)q(t) 0. (25)
It now follows from another result of Wintner [9], see Hartman [4, Theorem 7.2, p. 362],
that (25) implies the second order differential equation
z′′ + ηρ(t)q(t)z = 0 (26)
is nonoscillatory for every η, 0 < η < 1. Choose η sufficiently close to 1 so that ηα > 1/4
which is possible since α > 1/4. (Choose, for example, η = 1/2 + 1/(8α) < 1.) Condi-
tion (21) implies
η
∞∫
t
ρ(s)q(s) ds  ηα
t
and ηα >
1
4
,
which in turn implies by Hille’s criteria (II) that Eq. (25) is oscillatory. This is a contradic-
tion, hence Eq. (20) is oscillatory. 
Using the same argument as in the proof of Theorem 3, we can also prove the extension
of Theorem 2 for the delay differential equation (20).
Theorem 4. Let λ > 1. If there exists t0  t∗ and for every positive integer n, q(t) satisfies
λn+1t0∫
λnt0
q(s)ρ(s) ds  αˆ
λnt0
,
where αˆ > k0(λ) = λ + 1 − 2
√
λ. Then all solutions of Eq. (20) are oscillatory.
Proof. We follow the proof of Theorem 3 and conclude that the existence of a nonoscil-
latory solution of (20) lead to the conclusion that the linear differential equation (26) is
nonoscillatory for every η, 0 < η < 1. We can again choose η sufficiently close to 1 so that
ηαˆ > k0(λ). Now the coefficient function of Eq. (26) satisfies
η
λn+1t0∫
λnt0
q(s)ρ(s) ds  α
′
λnt0
,
where α′ = ηαˆ > k0(λ), so we can apply Theorem 2 to Eq. (26) and conclude that it is
oscillatory for such η, 0 < η < 1, but ηαˆ > k0(λ). This contradicts the fact that Eq. (26) is
nonoscillatory for all η, 0 < η < 1. The proof is complete. 
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sections to that of others.
(a) In [1], Elbert also proved generalizations of Theorems A and B. His proofs involve
sequences {pn} with different recurrence relations for the nonoscillation and oscillation re-
sults. Here we show that the recurrence defined by (6) as in the original proof of Huang [6]
works well for both Theorems 1 and 2. It is however possible to deduce Theorems 1 and 2
from the results in Elbert [1], but our approach is more direct and exhibits explicit oscilla-
tion and nonoscillation criteria (4) and (5) making Theorems 1 and 2 obvious extensions
of Theorems A and B.
(b) Conditions (4) and (5) leave a gap α ∈ (k0(λ)/λ, k0(λ)] which is not determined as
to the oscillation and nonoscillation of Eq. (1). Since λ > 1 is arbitrary, this gap reduce
to one point as λ → 1. In fact, if we apply Theorems 1 and 2 to the Euler’s equation
y ′′ + kt−2y = 0, we conclude that k  k0(λ)/(λ − 1)2 implies nonoscillation and k >
k0(λ)λ/(λ−1)2 implies oscillation. For fixed λ > 1, we always have k0(λ)/(λ−1)2  1/4
and k0(λ)λ/(λ − 1)2 > 1/4. Furthermore, we also have
lim
λ→1
k0(λ)
(λ − 1)2 = limλ→1
k0(λ)λ
(λ − 1)2 =
1
4
.
For a given k > 1/4, we can always choose λ sufficiently close to 1 so that 1/4 <
k0(λ)λ/(λ − 1)2 < k. So in that case, conditions (4) and (5) are best possible as they are
stated for all λ > 1 instead of λ = 2 as in Huang [6]. This partially explains that the gap(
k0(λ)
λ(λ−1) ,
k0(λ)
(λ−1)
]
cannot be further improved upon. (See the discussion of Li and Agarwal
[7, pp. 173, 186].)
(c) Hille’s result (I) in [5] has been extended by others in relaxing the assumption that
q(t)  0; see [11] for a brief introduction. Indeed, Hille’s original proof remains valid if
q(t) 0 is relaxed to
∫∞
t
q(s) ds  0. In a recent article, Deng [2] gives another alternative
proof of Hille’s (I) without any restriction on q(t). This statement is incorrect. Indeed,
Deng’s own proof has tacitly used the assumption that
∫∞
t q(s) ds  0. We like to mention
that Wintner’s disfocality lemma has also been extended by others where the assumption
q(t) 0 is relaxed; see [3]. It is therefore of interest to see how any of Theorems 1–4 in
this paper can be improved by relaxing this requirement that q(t) 0.
(d) In case the delay is bounded, i.e., 0  t − σ(t) M, then ρ(t) in conditions (21)
and (26) can be replaced by 1. In other words, Hille’s oscillation criterion (I) and con-
dition (5) in Theorem 2 are also valid oscillation criteria for the delay differential equa-
tion (20) with bounded delay; see also [8,12].
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